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This study deals with the description of the anisotropic behaviour of the mild steel sheet used in the
reverse deep drawing process of a cylindrical cup, which was proposed as benchmark at the Numi-
sheet’99 conference. The effect of the yield criterion on the numerical results is analysed using three yield
functions, von Mises, Hill’48 and Barlat Yld’91, combined with the Swift hardening law. The anisotropy
parameters of the Hill’48 model are identified using either the yield stresses or r-values, obtained from
the uniaxial tensile test at three different directions. On the other hand, the anisotropy parameters of
the Yld’91 are determined taking into account both the yield stresses and r-values, minimizing an
objective function. The comparison between experimental and numerical results is presented, being
the punch force evolution and the thickness distribution along the cup wall the principal variables under
study. In both forming stages, the predicted punch force evolution is close to the experimental one, what-
ever the yield criterion adopted. Nevertheless, the cup wall thickness distribution is strongly influenced
by the yield criteria, being clearly overestimated by the von Mises yield criterion. On the other hand, the
Yld’91 yield criterion provides a thickness distribution closer to the experimental one, for both forming
stages. The strain paths during both forming stages ranges from uniaxial compression, when the material
flows between the die and blank-holder, to plane strain in the cup wall, whereas the important strain
path changes occurs in the die radius.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

The numerical analysis of sheet metal forming processes is
nowadays an indispensable tool in the virtual product conception,
particularly in the automotive and aerospace industries. The strong
reduction of development periods in the car manufacturing indus-
try, imposed in the last decades by the highly competitive global
world market, leads to the redefinition of the conventional manu-
facturing procedures [1]. Consequently, the traditional tool design
methods based on a trial-and-error or empirical procedure are
gradually replaced by the usage of finite element simulation
systems [2–4]. Gantar et al. [5] conclude that the numerical
simulation can be successfully used to optimize the variable input
process parameters in order to solve some technological problems,
such as fracture, necking, wrinkling and springback. However,
accurate simulation results are mandatory to correctly predict
the entire forming operations.

The mechanical modelling of sheet metal forming leads to a
strongly nonlinear problem due to the nonlinearity induced by
the frictional contact, the geometrical nonlinearity produced by
large deformation and the material nonlinearity due to the
elastoplastic behaviour [6]. Concerning the last nonlinearity, the
constitutive material model should comprises both the work
hardening law and the yield criterion to account the anisotropy
of mechanical properties, which results from the rolling process
used in the production of sheet metals. Yoon et al. [7] point out
that the material anisotropy should be taken into account for
accurately sheet forming analysis of cylindrical cups, since it
dictates the strain distribution and consequently the sheet metals
formability. Several yield functions have been proposed to describe
the anisotropic plastic flow of sheet metal. The current study focus
on three-dimensional yield criteria since the metallic sheet will be
modelled using solid finite elements. The quadratic anisotropic
yield criterion proposed by Hill [8] is the generalization of the
von Mises criterion [9] for anisotropic materials. The main
drawback of this yield function is its limitation to correctly
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Nomenclature

Y flow stress (MPa)
K, e0 and n parameters of the Swift law
F, G, H . . . parameters of the Hill 1948 yield criterion
�r equivalent tensile stress (MPa)
c1, c2, c3. . . parameters of the Barlat 1991 yield criterion
m parameter defining the shape of the yield surface in

Barlat 1991

h direction with rolling direction (�)
rh coefficient of plastic anisotropy for a direction h with

the rolling direction
rh uniaxial yield stress at a direction h with the rolling

direction (MPa)
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describe the behaviour of various face-centred cubic (FCC) metals,
namely some aluminium alloys [10]. However, in case of body-cen-
tred cubic (BCC) metals it is the most widely used [11]. In order to
overcome the previous mentioned limitation, various non-
quadratic yield criteria were developed. Barlat et al. [12] proposed
a non-quadratic anisotropic yield criterion based in the stress field
with six-component yield function, being particularly adequate for
aluminium alloys. Cazacu and Barlat [13] introduced generalized
invariants of the stress deviator which allows transform any isotro-
pic yield criterion to anisotropy for various type of material
symmetry. However, it should be pointed out that there is no
mathematical proof of convexity for this yield function. Besides,
the identification of the material parameters requires different
experimental tests due to the high number of anisotropic parame-
ters involved, being the simple uniaxial tensile tests insufficient.

In the present study, numerical simulations using the finite ele-
ment method are performed to evaluate the influence of both the
yield criteria and the approach adopted to identify its parameters.
The selected example is the reverse deep drawing process of a cylin-
drical cup, proposed as benchmark at the Numisheet’99 conference
[14]. This study complements the work carried out by Thuillier et al.
[15], which investigated the influence of the work hardening law on
the numerical results, adopting the same sheet forming example.
The material selected in both studies is the mild steel DDQ. Three
yields functions are considered, the von Mises [9], Hill’48 [8] and
the Barlat Yld’91 [12], being the anisotropic parameters of the
Hill’48 criterion identified based on either the r-value or the yield
stress obtained from uniaxial tensile tests. The comparison between
the numerical and experimental results is presented to evaluate the
effectiveness of the yield criterion selected, as well as the parameter
identification strategy adopted. The main process parameters
studied in each stage are the punch force evolution, the thickness
distribution along the cup wall and the earing profile. Moreover,
the predicted cup wall thickness distribution is directly correlated
with the strain paths that occurred during both forming stages.
2. Reverse deep drawing process

The deep drawing process is one of the more extensively used
sheet metal forming process. In this process, the forming parts
are usually obtained in a single-stage, but in some conditions
multi-stage operation is required due to geometrical complexity
or formability problems [16]. Nevertheless, the minimum number
of forming stages necessary to obtain the desired part without fail-
ure depends on many process parameters, being its determination,
as well the shape of the tools for each stage, an enormous challenge
[17]. Since the maximum drawing ratio R0/Ri (R0 and Ri are the
blank and punch radius, respectively) obtained with a single-stage
operation is usually about two [18], the redrawing process is typ-
ically adopted when large drawing ratios are necessary.

Generally the redrawing process is classified in two categories:
direct and reverse. The first drawing operation is the same in both
process types, whereas the difference occurs at the redrawing
stage, as shown schematically in Fig. 1. In the direct redrawing pro-
cess (Fig. 1(a)) the punch in each stage is always in contact with
the same blank side, while in the reverse redrawing (Fig. 1(b))
the punch motion during the second stage arises in the opposite
direction. Since the number of bending–unbending operations is
smaller in the reverse than in the direct redrawing (compare the
material flow as shown in Fig. 1), the required punch force is lower
in the reverse redrawing [18]. Moreover, the surface aspect is bet-
ter in the reverse process since the outside of the part is in contact
only once with the die radius [19].

The first analytical analysis of the multi-stage drawing pro-
cesses was developed by Chung [20] under large simplifications
on the radial strain. Zharkov [21] considers sheet thickness
changes in its analytical model and takes into account strain hard-
ening. Although the numerical simulation of single-stage deep
drawing operations has been investigated by several researchers,
the multi-stage drawing process comprises additional complex
deformation mechanisms, becoming its numerical simulation
more difficult. Teodosiu et al. [22] studied the drawing and
redrawing operations using two-dimensional axisymmetric finite
element analysis, which is limited to normal anisotropy for the
sheet. On the other hand, Kim et al. [23] perform three dimensional
finite element analysis of multi-stage deep drawing in order to
define the tool design in each intermediate stage using the thick-
ness strain distribution as objective function, taking into account
planar anisotropy. The optimization of the direct redrawing pro-
cess of molybdenum sheets including ironing was performed by
Kim and Hong [24], using a two-dimensional axisymmetric finite
element analysis based on isotropic material behaviour. Parsa
et al. [25] studied the behaviour of two-layer (aluminium–
stainless-steel) laminated sheets during two-stage deep drawing,
comparing experiment and numerical results. They found that
the maximum drawing ratio is reached in direct redrawing when
the punch is in contact with the stainless-steel, while applying
reverse redrawing the aluminium should be in contact with the
punch to attain the maximum drawing ratio.
3. Finite element simulation

The example selected in the present study is the reverse deep
drawing process of a cylindrical cup, proposed as benchmark at
the Numisheet’99 conference [14], which is schematically pre-
sented in Fig. 2. The numerical simulations were performed with
the DD3IMP in-house finite element code, which has been specifi-
cally developed to simulate sheet metal forming processes [6]. Its
key feature is the use of a fully implicit algorithm of Newton–
Raphson type to solve, within a single iterative loop, the nonlinear-
ities related with both the mechanical behaviour and the frictional
contact. The kinematic description of the deformation process is
described by an updated Lagrangian scheme. The frictional contact
is defined by the Coulomb’s classical law and treated with a mixed
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Fig. 1. Scheme of the two-stage deep drawing process: (a) direct redrawing; and (b) reverse redrawing.
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Fig. 2. Scheme of the forming tools used in the reverse deep drawing of a cylindrical
cup.
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formulation, using the augmented Lagrangian approach proposed
by Alart and Curnier [26]. The contact occurs between a deform-
able sheet and rigid tools modelled with Nagata patches [27].
The sheet is discretized with solid elements, allowing an accurate
evaluation of the contact forces and the stress gradients through
the thickness. On the other hand, since static implicit codes check
the equilibrium conditions in each time step, the use of solid ele-
ments leads is more CPU time-consuming. Therefore, some high
performance computing techniques have been incorporated, such
as introducing OpenMP directives in the most time consuming
branches of the code [28].

3.1. Constitutive model

The material considered in this study is the mild steel DDQ with
a blank thickness of 0.98 mm. The elastoplastic constitutive model
adopted considers anisotropic plastic behaviour, being defined by:
(i) an associated flow rule; (ii) a yield criterion and (iii) a hardening
law. Yoon et al. [7] pointed out that the material behaviour based
on an anisotropic yield function and simply isotropic hardening is
acceptable to accomplish accurate results in the numerical simula-
tion of cylindrical cups forming. Thus, only isotropic hardening is
considered in this study, in opposition to the analysis performed
by Thuillier et al. [15]. This assumption is known to be question-
able, but this model is still widely used. Besides, the available data
from the benchmark committee does not include the required
experimental tests (e.g. Bauschinger shear tests) to perform the
parameters identification of the kinematic hardening model. The
isotropic work hardening behaviour is modelled by the Swift law,
which is most suitable for mild steels, being expressed by:

Y ¼ Kðe0 þ �epÞn with e0 ¼
r0

K

� �1=n
; ð1Þ

where Y is the flow stress and �ep is the equivalent plastic strain. The
material parameters K, n and r0 are evaluated using only the uniax-
ial tensile test results provided by the benchmark committee. The
material mechanical behaviour follows Hooke’s law in the elastic
regime, being described by the Young modulus and the Poisson
ratio.

The yield criterion expresses the relationship between the
stress components in the transition from the elastic to the plastic
regime, which evolution is dictated by Eq. (1). Three yield functions
are adopted in this study: (i) von Mises isotropic, (ii) Hill’48 aniso-
tropic and (iii) Yld’91 non-quadratic anisotropic model. The most
commonly used yield criteria for isotropic materials are Tresca
[29] and von Mises [9]. However, the metallic sheets exhibits an
anisotropic behaviour characteristic of the rolling process. Hence,
Hill [8] proposed an anisotropic yield criterion, considering that
the material has an anisotropic behaviour along three orthogonal
symmetry planes (orthotropic behaviour). The yield criterion is
expressed by the quadratic function:

Fðryy � rzzÞ2 þ Gðrzz � rxxÞ2 þ Hðrxx � ryyÞ2 þ 2Ls2
yz

þ 2Ms2
zx þ 2Ns2

xy ¼ �r2; ð2Þ

where rxx, ryy, rzz, syz, szx and sxy are the components of the Cauchy
stress tensor defined in the orthotropic frame, while F, G, H, L, M and
N are the Hill’48 parameters that define the anisotropic behaviour,
and �r is the equivalent tensile stress. In the case of sheet metals, the
orthotropic frame axis x is usually parallel to the rolling direction, y
is parallel to the transverse direction and z is collinear with the
normal direction.

The Yld’91 yield criterion proposed by Barlat et al. [12] is an
extension to orthotropy of the Hosford [30] isotropic yield crite-
rion. It can be expressed by the following non-quadratic function:

jS1 � S2jm þ jS2 � S3jm þ jS3 � S1jm ¼ 2�rm; ð3Þ

where S1, S2 and S3 are the principal values of the isotropic plastic
equivalent deviatoric stress tensor S = L:r, which is obtained from
the linear transformation L applied to the Cauchy stress tensor r.
The exponent m characterizes the shape of the yield surface, which
depends on the material crystallographic structure, being 6 for BCC
and 8 for FCC materials [31]. The Yld’91 anisotropy parameters are
indirectly defined through the linear transformation on the stress
deviator, given by:
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L ¼ 1
3

ðc2 þ c3Þ �c3 �c2 0 0 0

�c3 ðc3 þ c1Þ �c1 0 0 0

�c2 �c1 ðc1 þ c2Þ 0 0 0

0 0 0 3c4 0 0

0 0 0 0 3c5 0

0 0 0 0 0 3c6

2
666666666666664

3
777777777777775

; ð4Þ

where c1, c2, c3, c4, c5 and c6 are the anisotropy parameters.
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Fig. 3. Experimental and numerical uniaxial tensile tests obtained at: (a) 0� with
the RD; (b) 45� with the RD; and (c) 90� with the RD.
3.2. Material parameters identification

The material parameters for the work hardening law were iden-
tified with the conventional uniaxial tensile tests provided by the
benchmark committee [14]. Although experimental data from
other tests have been used for more advanced constitutive models
(e.g. [11]), in the present work the available experimental data is
limited to standard tensile tests. Hence, in order to estimate the
anisotropy of DDQ mild steel, the specimens were obtained at 0�,
45� and 90� with the rolling direction (RD). Fig. 3 presents the
experimental stress–strain curves measured from uniaxial tension
tests obtained in the three different directions with the RD. The
isotropic hardening behaviour defined by the Swift law was iden-
tified directly by fitting the stress–strain curve obtained along
the RD (Fig. 3(a)). The identified material parameters for the Swift
hardening law are given in Table 1, as well the elastic properties of
the mild steel defined by the Young modulus and the Poisson ratio.
In order to fit accurately the stress–strain curve also for high strain
values, the initial yield stress predicted by the Swift law (172 MPa)
in the RD is slightly lower than the experimental value, given in
Table 2.

The uniaxial tensile tests are also used to evaluate material
parameters of the yield criterion. The coefficient of plastic anisot-
ropy associated to the direction h with the RD is defined by:

rh ¼
ep

22

ep
33

¼ ep
22

� ep
11 þ ep

22

� � ; ð5Þ

where ep
11 and ep

22 are the true plastic strains in the axial and trans-
verse directions of the specimen, respectively. The uniaxial r-values
are evaluated during the tensile test using extensometers in both
directions. Fig. 4 presents the experimental anisotropy coefficient
determined at three directions with the rolling direction, which is
defined by the slope of the straight line fitting the experimental
points. Thus, the experimental r-values obtained from the linear
fitting in Fig. 4 are presented in Table 2 together with the yield
stresses measured in the same directions, which are the basic
mechanical properties provided by the benchmark committee.

In the present study, the identification of the anisotropy param-
eters for the Hill’48 model is carried out using two different
approaches. The classical approach uses the r-values from three
uniaxial tensile tests (0�, 45� and 90� with the RD), being labelled
by ‘Hill’48-R’. On the other hand, the second approach resorts to
the set of three yield stresses from uniaxial tension tests, which
is labelled by ‘Hill’48-S’. Since it is very difficult to evaluate the
through thickness anisotropic behaviour in metallic sheets, the
parameters defining those properties are assumed isotropic, i.e.
for both approaches of the Hill’48 criterion L = M = 1.5. For the
Hill’48 yield criterion under plane stress conditions (rzz = syz =
szx = 0.0), the uniaxial yield stress at a direction h with the rolling
direction is given by:
Table 1
Elastic properties and Swift hardening law parameters of DDQ mild steel.

Elastic properties Swift law

Young’s modulus (GPa) Poisson’s ratio K (MPa) r0 (MPa) n
210 0.30 568.34 172.0 0.233

Table 2
Mechanical properties of DDQ mild steel provided by the benchmark committee [14].

Angle with RD (�) Yield stress (MPa) Max uniform strain r-value

0 176 0.24 1.73
45 185 0.22 1.23
90 180 0.23 2.02
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rh ¼
�rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F sin4 hþ G cos4 hþ H cos2 2hþ 2N sin2 h cos2 h
p ; ð6Þ

while the uniaxial anisotropy at the same direction h predicted by
the yield criterion is defined by:

rh ¼
F sin4 hþ G cos4 hþ H cos2 2hþ 0:5N sin2 2h

F sin2 hþ G cos2 h
� 1: ð7Þ

The identification of the anisotropy parameters for the Hill’48
yield criterion is based in the experimental yield stresses and the
experimental coefficients of plastic anisotropy presented in
Table 2. Since the identification of the hardening law was obtained
with the stress–strain curve along the RD, the uniaxial yield stress
at 0� with the RD was selected. Therefore, the condition G + H = 1 is
imposed, leading to r0 = 172 MPa, which is the initial yield stress
given by the hardening law, being slightly different from the
experimental value (see Table 2). In the classical approach
(Hill’48-R), the yield function is defined using three experimental
coefficients of anisotropy r0, r45 and r90 and the uniaxial yield
stress r0. On the other hand, the identification of the yield
criterion with the approach labelled by ‘Hill’48-S’ is performed
by using the three experimental values of the yield stress r0, r45

and r90 and the experimental coefficient of anisotropy r0. The
same condition (G + H = 1) is applied in the second approach due
to the same reasons. Table 3 presents the material parameters of
the Hill’48 yield criterion, identified using Eqs. (6) and (7), for both
approaches considered.

The identification of the anisotropy parameters for the Yld’91
yield criterion takes into account both the experimental yield
stresses and the coefficients of plastic anisotropy, which are listed
in Table 2. The procedure used is based on the minimization of an
error function that evaluates the difference between the predicted
and the experimental values. The objective error function is
defined as:
Table 3
Identified material parameters for the Hill’48 and Yld’91 yield criteria.

Hill 1948

Label F G H L M N

Hill’48-R 0.3137 0.3663 0.6337 1.5000 1.5000 1.1764
Hill’48-S 0.3224 0.3663 0.6337 1.5000 1.5000 1.4658

Barlat 1991

Label c1 c2 c3 c4 c5 c6 m

Yld’91 0.8396 0.8846 1.0979 1.0000 1.0000 0.9111 6
error ¼ wr
X rh

rexp
h

� 1
� �2

þwr

X rh

rexp
h

� 1
� �2

; ð8Þ

where the rh and rexp
h are the predicted and experimental uniaxial

yield stresses along the direction h with the rolling direction,
respectively. The variables rh and rexp

h denote the predicted and
experimental anisotropy coefficients along the direction h with
the rolling direction, respectively. This error function considers dif-
ferent weight values for the experimental yield stress and the
anisotropy coefficient. However, in this study it was considered that
all experimental values were equally weighted. Besides, since the
material crystallography of the mild steel is BCC, the value of expo-
nent m was fixed to 6. As in the case of Hill’48 yield criterion, the
parameters defining the anisotropy through the thickness are
assumed isotropic, which means that c4 = c5 = 1.0. Table 3 presents
the material parameters of the Yld’91 yield criterion identified
using the objective function described in Eq. (8).

The uniaxial anisotropy coefficient distribution in the plane of
the sheet, predicted using different yield criteria is presented in
Fig. 5. Both the Hill’48-R and the Yld’91 model fit accurately the
experimental values, while the Hill’48-S model leads to an r-value
distribution closer to the normal anisotropy behaviour. The initial
uniaxial yield stress distribution in the sheet’s plane, predicted by
the various yield criteria studied is shown in Fig. 6. Since the
Hill’48-S model was obtained based on the yield stresses, the pre-
dicted distribution fits exactly the experimental distribution, but
shifted down 4 MPa due to the difference introduced by the Swift
law. The yield stress distribution predicted by the Yld’91 model
is situated between the Hill’48-R and the Hill’48-S models. The
yield surfaces predicted by different yield criteria are shown in
Fig. 7 for the rxx � ryy plane. Both models that adopt the Hill’48
yield criterion present similar surfaces, being the predicted surface
clearly outside the von Mises yield locus along the biaxial stress
axis since r > 1 (cf. Fig. 5). The biaxial yield stress predicted by
the Yld’91 model is between the value obtained with the Hill’48
and the von Mises yield criterion. Fig. 3 presents the stress–strain
curves obtained from the uniaxial tensile tests performed numeri-
cally at 0�, 45� and 90� with the RD for each yield criterion studied.
Comparing with the experimental curves, the predicted evolution
is adequate at the RD for all yield criteria analysed (see Fig. 3(a)).
However, at 45� with the RD, the numerical curves are rather dis-
tant from the experimental one, as shown in Fig. 3(b), particularly
for the Hill’48-R model, where the predicted curve lies about
50 MPa above the experimental one. The predicted stress–strain
curves at 90� with the RD adopting the anisotropic yield criteria
are slightly above the experimental one, as shown in Fig. 3(c).
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Fig. 8. Discretization of the forming tool surfaces with Nagata patches.

Table 4
Forming tool dimensions in mm.

Tool geometry Stage 1 Stage 2

Die opening diameter 104.5 78.0
Die radius 8.0 5.5
Die height 21.0 16.0
Punch diameter 100.0 73.4
Punch radius 5.5 8.5
Blank-holder opening diameter 104.5 75.0
Blank-holder radius – 7.0
Blank-holder height – 20.0
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3.3. Simulation conditions

Due to geometric and material symmetry conditions, only one
quarter of the model is simulated, as shown in Fig. 8. The main
dimensions of the forming tools used in the reverse deep drawing
process are presented in Table 4. The tools are considered as rigid
and its surfaces are discretized with Nagata patches, presented in
Fig. 8 [27], being the required normal vectors for the smoothing
method evaluated using the algorithm proposed by Neto et al.
[32]. The circular blank has 170 mm diameter and 0.98 mm of ini-
tial thickness. One-fourth of the blank is discretized with 8-node
hexahedron solid finite elements, combined with a selective
reduced integration technique [33]. The total number of elements
is 15,408, using 2 layers of elements through the thickness. The
friction coefficient between sheet and tools is taken from the
benchmark specifications as l = 0.15. The cylindrical cup is fully
drawn in both process stages of the reverse deep drawing, which
correspond to about 60 mm of punch displacement in the first
stage and 90 mm in the second stage. Since the cylindrical cup is
a closed geometry, the amount of springback between forming
stages is very small, being not analysed in this study. A detailed
study about the springback in cylindrical cups can be found in Zein
et al. [34]. Although, typically the blank-holder is controlled by
force, the effect of fixed blank-holder gap in deep drawing of
square cups was studied by Gavas and Izciler [35], concluding that
the best forming quality is attained when the gap ranges from 1.0
to 1.3 times the initial sheet thickness. In the present example, the
gap between the die and the blank-holder is held fixed in both
stages. Its value was determined experimentally in order to draw
a cylindrical cup without wrinkles, being set equal to 1.13 mm in
the first stage and 1.4 mm in the second stage [19].
4. Results and discussion

This section is devoted to the comparison between numerical
and experimental results, performed for both stages of the forming
process. All experimental results presented in this study are
available from the conference proceedings, being selected the ones
carried out by Kim et al., from Kangwon National University, for
DDQ mild steel [14]. In fact, only two participants delivered all
results for the fully reverse deep drawing process, being the
blank-holder gap used in the presented experimental results equal
to the one specified in the study of Thuillier et al. [19].

4.1. Punch force evolution

The comparison between experimental and numerical punch
force evolution during the first forming stage is shown in Fig. 9.
The experimental evolution is well predicted by all yield criteria
studied, although globally the numerical force evolution is slightly
lower than the experimental one. Nevertheless, the oscillations
observed in the numerical results of Thuillier et al. [15], related
to contact between the deformed mesh and the tools, are com-
pletely eliminated in the present work due to correct selection of
blank discretization and accurate tool surface description [36].
The sudden increase of the punch force, approximately at 37 mm
of displacement, for the model that assumes isotropic material
behaviour (von Mises), results from the ironing of the flange (see



0

10

20

30

40

50

60

70

80

90

0 10 20 30 40 50 60

Pu
nc

h 
fo

rc
e 

[k
N

]

Punch displacement [mm]

Experimental

von Mises

Hill'48-R

Hill'48-S

Yld'91

von MisesYld'91 Hill'48-R

Hill'48-S

Fig. 9. Comparison between experimental and predicted punch force evolution
during the 1st stage, using different yield criteria.

374 D.M. Neto et al. / Materials and Design 60 (2014) 368–379
Fig. 9). Since the deformation mode of the flange is situated
between pure shear and uniaxial compression (region of thicken-
ing), the isotropic behaviour (r = 1) leads to a sheet thickening
higher than the one obtained with an anisotropy characterized
by an r > 1, as observed through Eq. (5). Once the gap between
the die and the blank-holder is held fixed, the increasing thickness
in the flange leads to an increase of the blank-holder contact force,
which is directly replicated in the punch force due to high restrain-
ing forces.

Concerning the second stage, Fig. 10 presents the comparison
between experimental and numerical punch force evolutions.
Globally, the experimental evolution is accurately predicted by
the numerical model, whatever the yield criterion adopted. In fact,
the force evolution is better predicted in the present study than in
the work of Thuillier et al. [15], which takes into account kinematic
hardening. However, all models predict a decrease of the punch
force for a punch displacement lower than the experimental one,
although the slope is correctly predicted. The punch force evolu-
tion obtained with the Yld’91 model, which seem to be closer to
the experimental one, is located between the results achieved with
the Hill’48 yield criterion, using the two approaches for material
parameters identification. Indeed, the Hill’48-S model and the
von Mises yield criterion lead to similar results in terms of punch
force evolution. In both stages of the reverse deep drawing process,
the punch force predicted by the Hill’48-R model is always higher
than using the Hill’48-S model, which is related with the uniaxial
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during the 2nd stage, using different yield criteria.
yield stress at 45� with the RD (see Fig. 6). The same tendency
can be observed in the stress–strain curves of Fig. 3(b), performed
numerically for both models, which highlight the higher strength
of the material described with the Hill’48-R model than with
Hill’48-S model.
4.2. Earing profile

The earing profile is defined by the height of the deep drawing
cup measured along the circumferential direction of the cup using
the angle with the RD. The predicted earing profiles after the for-
ward and reverse fully deep drawing operations are compared in
Fig. 11. These earing profiles were not compared with experimen-
tal ones, since they are not available. The influence of the selected
yield criteria on the earing profile is evident, being always pre-
dicted four ears when anisotropic yield functions are used (the
same number of ears observed in the experiments [19]). Since
the level of plastic deformation increases during the reverse
redrawing (higher drawing ratio), the amplitude of the ears is
enlarged from the first to the second drawing stage. Moreover,
the amplitude predicted with the Hill’48-R model is considerable
higher than the one obtained using the Hill’48-S model, because
in the last case the r-value distribution in the plane of the sheet
presents a lower variation, as observed in Fig. 5. Although the
r-value distribution dictated by Hill’48-R and Yld’91 is very similar
(see Fig. 5), the amplitude of the ears at 45� with the RD is consid-
erably inferior for the Yld’91 model. This is motived by the inferior
variation of the uniaxial yield stress distribution for the Yld’91
model (Fig. 6), since the yield stress profile description is as impor-
tant as the r-value one, as pointed by Yoon et al. [37].
4.3. Strain distribution/evolution

The equivalent plastic strain distribution predicted by the
Yld’91 yield criterion at the end of first stage is presented in
Fig. 12. The maximum value reached is approximately 0.6, being
located somewhat under of the ears placed at 0� and 90� with
the RD. In fact, the value of equivalent plastic strain in the cup wall,
for the same cup height, is lower at 45� than at 0� and 90� with the
RD, which is in accordance with the earing profile (see Fig. 11).
Fig. 13 shows the equivalent plastic strain distribution predicted
by the Yld’91 yield criterion at the end of second stage. The maxi-
mum value attained is approximately 1.1, being situated in the
same localization defined in the first stage. Note that all studied
anisotropic yield criterion give similar equivalent plastic strain
distributions. Since the hardening law was identified using the
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Fig. 12. Equivalent plastic strain distribution at the end of 1st stage, predicted by
the Yld’91 yield criterion.

Fig. 13. Equivalent plastic strain distribution at the end of 2nd stage, predicted by
the Yld’91 yield criterion.
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uniaxial tensile tests, where the strain range is about 22% before
necking (see Fig. 3), the hardening behaviour for higher strain val-
ues is extrapolated by the Swift law. In fact, the high strain values
obtained in the deep drawing process, which can be observed in
the equivalent plastic strain distribution, result from the occur-
rence of multi strain paths (not only uniaxial tension).

Thuillier et al. [15] analysed the occurrence of strain path
changes in this two-stage deep drawing process, considering the
interior peel of the sheet to highlight the Bauschinger effect. In this
study, the analysis is focused on the strain paths predicted by the
different yield criteria. Hence, the influence of the plastic anisot-
ropy on the strain distribution/evolution is analysed comparing
the anisotropic models with the results obtained in isotropy (von
Mises), highlighting the differences observed at different directions
with the RD. Fig. 14 presents the evolution of minor–major strain
distribution during the first stage of drawing, predicted by both
the von Mises and the Yld’91 yield criteria in the exterior peel of
the sheet. The magnitude of the major strain at 45� with the RD
is closer to the one predicted assuming isotropy, particularly at
the end of forming stage. Moreover, during the forming process,
both the minor and major predicted strains are always higher at
0� and 90� than at 45� with the RD, which is in agreement with
the equivalent plastic strain plotted in Fig. 12. In fact, the higher
r-values predicted by the Yld’91 anisotropic model at 0� and 90�
with the RD (see Fig. 5), when compared with the von Mises crite-
rion, dictates higher values of deformation in the sheet’s plane,
which is the cause to the arise of the four ears in the cup. The high
restraining forces in the blank-holder (flange ironing) predicted by
the isotropic yield criterion during the drawing (Fig. 9) leads to the
stretching of the sheet near the punch radius. This is consequence
of the equal biaxial strain path imposed in that zone between 30
and 40 mm of punch displacement, as can be observed in Fig. 14.

In order to identify the deformation modes occurring during the
first forming stage, in each sector of the cylindrical cup, nine mate-
rial points of the exterior peel were selected. They are located from
45 mm to 85 mm of the initial radial distance, regularly spaced
every 5 mm. Fig. 15 presents the evolution of minor–major strain
predicted by von Mises yield criterion for the selected points.
The isotropic yield criterion is selected in order to analyse only
one section of the cylindrical cup, leading to an axisymmetric prob-
lem. Moreover, the anisotropic behaviour changes the strain paths,
making the analysis more complex due to its deviation from the
conventional strain paths (uniaxial compression, pure shear, plane
strain) [15]. Since the blank-holder force is small due to the fixed
gap imposed, the strain path in the flange of the deep draw cup
is approximately uniaxial compression (e2 = �2e1), region where
the sheet thickens due to the circumferential compression. Thus,
the higher values of major strains predicted by the Yld’91 yield cri-
teria at 0� and 90� with the RD (see Fig. 14) are dictated by the uni-
axial compression, which is characterized in anisotropy by a strain
path e2 = �ae1, being a < 2 when r > 1. On the other hand, the points



0

0.1

0.2

0.3

0.4

0.5

0.6

-0.9 -0.7 -0.5 -0.3 -0.1 0.1

M
aj

or
 p

ri
nc

ip
al

 s
tr

ai
n

Minor principal strain

Blank-holder

Die radius

Cup wall

Punch radius

0 85R =

0 75R =

0 65R =

0 55R =

0 45R =

0 35R =

Fig. 17. Evolution of minor–major strain (deformation modes) predicted for six
material points of the exterior peel during 2nd stage, assuming isotropy.

376 D.M. Neto et al. / Materials and Design 60 (2014) 368–379
located in the cup wall are submitted to plane strain (e2 = 0) since
the sheet extends only in the axial direction, being the circumfer-
ential straining prevented by the punch. The variation of the
strain path arises in the die radius, ranging from uniaxial compres-
sion to plane strain, as shown in Fig. 15. The points situated in
the punch radius are subjected to plane strain followed by
biaxial stretching. Nevertheless, the biaxial stretching only occur
for the von Mises yield criterion (see Fig. 14) because of the flange
ironing.

The comparison of minor–major strain distribution during the
second stage, predicted by both the von Mises and the Yld’91 yield
criteria in the outside peel of the sheet, is shown in Fig. 16.
Although the strain distribution predicted by the Yld’91 yield
criterion at 45� with the RD is closer to the one predicted assuming
isotropy, the difference between them at the end of forming is
higher than the one obtained in the first stage. The magnitude of
the major strain at the end of the cup’s wall for a direction with
45� to the RD is significantly inferior to the one predicted at 0�
and 90�, which is related with the ears development. Indeed, the
height of the ear at 0� is higher than at 90� with the RD (see
Fig. 11) since the predicted major strain is larger at 0� with the
RD during all forming process.

The strain path evolution is also analysed during the reverse
deep drawing stage, using six material points of exterior peel
defining the cup, which are positioned from 35 mm to 85 mm of
the initial radial distance, regularly spaced every 10 mm. Fig. 17
presents the evolution of minor–major strain for the selected
points, considering isotropic material behaviour (von Mises). The
strain paths predicted for the reverse redrawing are similar to
the ones found in the first stage. When the sheet flows between
the die and blank-holder, the strain path evolution is approxi-
mately uniaxial compression (blank-holder gap 1.4 mm). On the
other hand, the sliding of the sheet on the die radius leads to a
strain path that starts between uniaxial compression and pure
shear (e2 = �e1) and change quickly to plane strain near the transi-
tion to the cup’s wall, where the path evolution is approximately
plane strain, as shown in Fig. 17. The points situated in the punch
radius are subjected to pure shear followed by plane strain. Note
that the main strain path occurring in the reverse redrawing is
close to uniaxial compression, which happens both for material
points in contact with the blank-holder and with the die radius.
The strain paths observed during the drawing process (see Figs. 15
and 17) allow establish relations to evaluate analytically the earing
profile after reverse deep drawing using [37].
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4.4. Thickness distribution

Both the experimental and the numerical thickness distribu-
tions presented in this section were calculated in the radial
direction, always perpendicular to the cylindrical cup axis. Note
that the predicted thickness distribution is directly correlated with
the strain distribution analysed in the previous section, as well as
the strain paths existent in the deep drawing process [23].
Fig. 18(a) presents the comparison between experimental and
predicted cup wall thickness distribution at the end of the first
stage, in the RD direction. The predicted thickness distribution
using both anisotropic yield criteria (Hill’48 and Yld’91) lead to
similar results, which are very close to the experimental one, par-
ticularly when the Hill’48-S model is adopted. On the other hand,
applying the von Mises yield criterion, the thickness is clearly over-
estimated for a cup height superior to 10 mm and underestimated
for the lower cup height. Fig. 18(b) presents the experimental and
predicted cup wall thickness distribution at 45� with the RD. The
predicted thickness distribution using any of the presented yield
criteria lead to similar results for the cup height superior to
10 mm, which overestimate slightly the experimental distribution.
For the cup height inferior to 10 mm, only the Yld’91 yield criterion
predicts accurately the experimental thickness distribution. The
comparison between experimental and predicted cup wall thick-
ness distribution at 90� with the RD is shown in Fig. 18(c). The
experimental thickness is overestimated by the numerical models,
being the Yld’91 yield criterion the more accurate in opposition to
the von Mises, which gives the worst results.

The sheet thinning predicted by the von Mises yield criterion in
the transition between punch radius and cup wall (cup height
equal to 5.5 mm), for all studied directions, is associated with the
flange ironing (abrupt increase of the punch force shown in
Fig. 9) and the lower biaxial yield stress, as indicated in Fig. 7.
Moreover, the thickness is overestimated by the same yield crite-
rion for all three directions analysed due to the lower value of
the anisotropy coefficient (r = 1), which is particularly evident at
0� and 90� with the RD, as shown in Fig. 18(a and c), respectively.
On the other hand, the thickness predicted by both anisotropic
yield criteria (Hill’48 and Yld’91) leads to satisfactory results in
all directions, presenting a maximum difference to the experimen-
tal values inferior to 3.5%. Indeed, the thickness distribution pre-
dicted by the Yld’91 yield criterion, when taking into account all
directions analysed, is in general the more accurate model, being
the difference to the experimental values always inferior to 1.5%.
Since at the end of forming stage, the strain distribution predicted
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Fig. 18. Experimental and numerical thickness distribution in the cup wall after 1st
stage at: (a) 0� with the RD; (b) 45� with the RD; and (c) 90� with the RD.
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Fig. 19. Experimental and numerical thickness distribution in the cup wall after
2nd stage at: (a) 0� with the RD; (b) 45� with the RD; and (c) 90� with the RD.
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by the Yld’91 yield criterion at 45� with the RD is close to the one
predicted assuming isotropy (Fig. 14), the thickness distribution at
this direction is similar for both yield criteria, as shown in
Fig. 18(b). Besides, the predicted thicknesses at 0� and 90� are infe-
rior to the one at 45� with the RD (same trend observed experi-
mentally) because higher values of major strain were predicted
at 0� and 90� with the RD, as shown in Fig. 14.

The thickness predicted by the numerical model at the end of
the second stage is directly influenced by the thickness distribution
obtained in the first stage, becoming its numerical evaluation more
challenging due to the error accumulation attained after each
forming stage [19]. The comparison between experimental and
predicted cup wall thickness distribution at the end of the second
stage in the RD direction is shown in Fig. 19(a). The thickness
distributions obtained with the Hill’48-R and Yld’91 yield criteria
are analogous, while the prediction obtained with Hill’48-S model
provides the numerical result closer to the experimental one, par-
ticularly for a cup height superior to 60 mm. Fig. 19(b) compares
the experimental and predicted cup wall thickness distribution at
45� with the RD. The results obtained with the Hill’48-R and
Yld’91 yield criteria are similar, being the ones closer to the exper-
imental distribution, which is slightly overestimated. Indeed, the
final slope in the thickness distribution is accurately predicted
using these models, in contrast with the von Mises and Hill’48-S
models. Fig. 19(c) contains the comparison between experimental
and predicted thickness distribution along the cup wall at 90� with
the RD. The thickness is overestimated by all studied yield criteria,
with both the Hill’48-R and Yld’91 models predicting a thickness
distribution closer to the experimental tendency. Nevertheless,
the thickness is better predicted by the Hill’48-S model until a
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the Hill’48-S yield criterion (left side) and Yld’91 yield criterion (right side).

378 D.M. Neto et al. / Materials and Design 60 (2014) 368–379
cup height of 55 mm, being excessively overestimated by this
model for higher values of the cup’s height.

The sheet thickness is underestimated by the Von Mises yield
criterion in the three directions at the end of second stage, for a
cup height inferior to 20 mm, since the excessive thinning
predicted in the first stage dictates irreversibly the result of the fol-
lowing forming stages. Note that the equal biaxial strain occurring
in the first stage, due to flange ironing (Fig. 14), is reproduced in
the strain distribution of the second stage, as can be observed in
Fig. 16. In fact, the material points located at a cup’s height inferior
to 10 mm in the first stage correspond to a cup’s height inferior to
30 mm at the end of second stage. On the other hand, for a cup
height superior to 25 mm the thickness is overestimated in all
directions, following the same trend observed in at the end of
the first stage, as can be seen comparing Figs. 18 and 19. Although
the Hill’48-S provides accurate results for the thickness distribu-
tion along the RD, the predicted thickness at 45� and 90� with
the RD are not so well predicted, being clearly overestimated at
90� with the RD for a cup height superior to 55 mm. The wall thick-
ness for a cup height superior to 55 mm, predicted by both aniso-
tropic yield criteria, is substantially higher at 45� than at 0� and 90�
with the RD, as presented Fig. 19. This difference results from the
lower value of major strain at the end of the cup’s wall (approxi-
mately last 20 mm) for a direction 45� with the RD, as shown in
Fig. 16. Globally, the Yld’91 yield criterion is the more accurate
model when taking into account all directions analysed (difference
to experimental inferior to 4%), particularly at 45� with the RD,
following the same trend observed in the first stage. Nevertheless,
the gap between experimental and numerical thickness is higher at
the end of second stage than in the first stage, whatever the yield
criterion adopted.

Fig. 20 presents the thickness strain distribution in the cylindri-
cal cup at the end of the first stage, predicted by both the Hill’48-S
yield criterion (left side) and the Yld’91 yield criterion (right side).
The results are in accordance with the cup wall thickness distribu-
tion shown in Fig. 18. For both models, the negative thickness
strain in the transition between punch radius and cup wall is more
evident in the RD than in transverse direction. The Yld’91 yield cri-
terion predicts more pronounced ears (see Fig. 11), being the thick-
ness strain at 45� with the RD globally higher than at the RD and
the transverse direction. The thickness strain distribution in the
cup at the end of the second stage is shown in Fig. 21. The differ-
ences between yield criteria are higher in the second stage, being
the maximum thickness strain values located at 45� with the RD
in the end of cup wall. Since the Yld’91 yield criterion allows a
higher range for the r-values (see Fig. 5), the predicted thickness
strain is more heterogeneous along the circumferential direction.
The plateau in the cup wall thickness at 45� with the RD (see
Fig. 19(b), between 25 and 55 mm of cup height) is highlighted
in Fig. 21.
RD

Hill'48-S Yld'91

Fig. 20. Predicted thickness strain distribution at the end of 1st stage, using both
the Hill’48-S yield criterion (left side) and Yld’91 yield criterion (right side).
5. Conclusions

This study deals with the three dimensional numerical simula-
tion of the reverse deep drawing process of a cylindrical cup, being
the numerical results compared with the experimental ones. The
anisotropic behaviour of the mild steel sheet is described by both
the Hill’48 yield criterion and the more advanced non-quadratic
yield criteria Yld’91, in addition to the isotropic von Mises yield
criterion. Moreover, the anisotropy coefficients for the Hill’48
function were identified based either on the yield stresses or the
r-values measured in three different material orientations from
the uniaxial tensile tests.

The numerical analysis allows identifying the strain paths asso-
ciated to each cup region during each forming stage, which are
similar in both stages. The material flow between the die and the
blank-holder is subjected to uniaxial compression, changing to
plane strain in the cup wall. The important strain path changes
occur in the die radius, ranging from uniaxial compression to plane
strain. Moreover, the comparison of minor-major strain distribu-
tion at different orientations with the RD allows establishing a
direct relationship with the obtained wall thickness distribution.
The differences observed in the strain distribution for different
angles with the RD are consequence of the r-values and yield stres-
ses predicted by each yield criterion and the strain paths generated
during the forming process.

The cup wall thickness distribution is strongly influenced by the
yield criteria, particularly when comparing isotropic and aniso-
tropic behaviour. Indeed, at the end of first stage, the thickness
predicted by the von Mises model at 0� and 90� with the RD is
clearly higher than the one predicted by both the Hill’48 and
Yld’91 yield criteria. Besides, the differences in the predicted thick-
ness distribution between anisotropic yield criteria are small in all
the analysed directions, being the numerical distribution close to
the experimental one. Concerning the cup wall thickness at the
end of the second stage, its numerical prediction is somewhat
worse than in the first stage, being the thickness globally overesti-
mated in all directions. Nevertheless, both the Hill’48-R and Yld’91
models predict a thickness distribution close to the experimental
tendency, in particular the Yld’91 yield criterion. In conclusion,
since the Yld’91 non-quadratic yield function is identified using
both the uniaxial yield stress and uniaxial anisotropy coefficient
at three different material orientations, the numerical thickness
distribution is closer to the experimental results in both forming
stages. The punch force evolution is accurately predicted in both
forming stages whatever the anisotropic yield criteria adopted,
since it is only slightly affected by the yield criterion.
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